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Abstract

In the present paper, we describe the conformal immersion of the surface into R4 by means of a linear system. Furthermore we
prove that every regular conformal immersion of a surface into R* is locally determined by the generalized Weierstrass formulae.
We also give the representation of the surface with parallel mean curvature vector by solutions with the parameter of a linear system
which is determined by the sinh—Laplace equation.
© 2006 Elsevier B.V. All rights reserved.
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0. Introduction

Surface theory has been intensively studied in mathematics and physics. The application of the theory to solitary
wave phenomena in physics yields so-called “soliton geometry”. An important branch is the Weierstrass representation
of the surface in constant curvature space. The representation makes us study surfaces and their properties by means of
analysis methods. A classical example of such an approach is given by the Weierstrass representation for the minimal
surface in R>.

In R? and H3(—1), there are abundant results with respect to the Weierstrass representations of the surfaces with
constant mean curvature (e.g. Refs [2,4,5,10]).

Generalized Weierstrass formulae for the surfaces in R? and R* were given by Konopelchenko in [6,8], and received
much attention (see e.g. [1,7,9]).

F. Pedit and U. Pinkall gave a coordinate-free version of the generalized Weierstrass representations for the
conformal immersions of the surfaces into R®> and R* using the theory of quaternionic line bundles in [1]. These
representations are more intrinsic.
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In the present paper, we study the conformal immersion of the surface into R*. We give a coordinate version of the
generalized Weierstrass representation for the surface in R* similar to the classical expression.

The surface with parallel mean curvature vector in R* has been one of the interesting subjects. There are abundant
results for the surface (e.g. [11]). We study the surface by using an integrable system and find that the surface is
determined by the sinh—Laplace equation.

1. 2 by 2 matrix description

Let us denote the algebra of the quaternion by H, the multiplicative quaternion group by H, = H\ {0}. We identify
a four-dimensional Euclidean space with the quaternion H as follows:

x'—ix* —(xX*+ix?
X ="' x2 x3 x4 1.1
(X, , s ) <—> X3—iX2 X1+iX4 1.1)
. x'—ix* —xX3+ix?
And also, we still denote (x3 i x4y ) by X.
Define the scalar product of H as
s =det X, e n. .
X, X detX, XeH (1.2)
or
1
(X, Y):E(det(X—i—Y)—detX—detY), X,Y e H. (1.3)

According to this scalar product, the quaternion H turns out to be a Euclidean space.
Let f:DCC — R* be a conformal immersed surface, and e“dzdz be the first fundamental form of the surface.

Then (f;, f3) = %e“’.
We denote the immersion by

(=it =P i
r=(pTk TR (4

where f J( j =1,2,3,4) are functions with real values.

Proposition 1.1. Let f : D € C — R* be a conformal immersed surface. Then there exist 1, ¢ € H, s.t.

. 0 1 . 0 0
fr=i¢5 (0 0) ¢1, fr=i¢; (1 0) é1. (1.5)
Two normal vectors of the surface can be given respectively as
. _w 1 0 . _w i 0
ny=ie 2¢; (0 _1>¢>1, ny=ie 2¢; (0 i>¢>1, (1.6)
where z is a conformal coordinate and ¢; = (:/;jf :;jf ) (j=1,2).

Proof. Let u be a conformal coordinate of the surface. Then
fE=ifd =i
fi=ify fa+ify
This shows that the rank of the matrix f;, must be one. We have the matrix decomposition as follows

fo—ifd = +ID\ (b,
M \poi e =<b2>(q )

_ _bl b_2 0 1 —C_z C_l
- (—bz —b_1> <0 0) <—cl —c2>' 1.7)

dmn=da< )=<ﬁf+(ﬁﬁ+cﬁﬂ+pﬁf=o
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Then
fr=iff=bicr, =2 +if?) =bica,
fu3 — lfu2 = bycy, ful + lf,:1 = bycs.

Taking the conjugation, we get

fi —if? = b, —(f2+ifH = —hci,
fi—if? =—bé, fa+ifd=bic.
Hence

fh—ifs = +ifD . ]
f“_<fﬁ3_ifﬁz fﬁ+lf,;4 ) ( E>(2 —Cl)
— _bl 52 0O 0 _C—2 C—l
N\, )\ 0)\—c; —n)-

Define z = —iu, ¢1 = (:ET fclz) , = (_b};l :Zf) Then

ﬁziﬂzhﬁ<8é>@, .ﬁz—wazwiﬁ’g)m.

Straightforwardly we check that ny, ny given by (1.6) are the unit normal frame fields of the surface.

369

Define Q; = (f;;,nj) and H; = 2e”“(f;z,nj). We call Q; the Hopf differential and %Hlel + %Hzez the mean

curvature vector of the surface, where ¢ = e~ 2 fr, €2 = e % Sy
From these definitions, we can directly verify the following proposition.

Proposition 1.2. Define ¢ = (ny;, ny) = —(ny, na;). Then
(01 +lQ2)€ 2 w;
= o, f:+ + = :
frz=w f; + 0101+ Q2o = l¢2 ( (01 —i02)e™ g 91
1 1 —(H1 +iHy)e? 0
fz=SHie"n + S Hae"nmy = i | 2 | e
—=(Hy —iHy)e?
2
(01 +lQ2)e 3 0
52 =W + ny + ny =1 R
fz = wifz + Qini + Qono ¢2( (01— i0pet b1
— _Hle%
n,=—Hif, —201e “f; +cny =ie 2¢3 o, ,
1z 1z =201 “fz 2=1ie 2¢, <—2Q1e_2 ci o1
—— _ - ¢ —201e 72
ni; =—-201e“f; —Hi f; +cny =ie” 23 < » Q_l >¢1,
—Hje2 Ci
_ ) —c —Hye?
ny; = —Hyf; —=202e"“fr —cni =ie” 2 ¢ <—2Q2e‘é’ c2 >¢1’
_—— _ e — =205 %
ny: = —202e “f, — Haf; —Cnj = ie 2¢;< ® Q_2 >¢1-
—Hje2 c

Define

¢;_1¢;Z = UZ*’ ¢>2k_1¢;z = VZ*’ ¢1z¢1_1 = U, ¢12¢1_1 =V.

(1.8)
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Next we shall express Uy, Uz, Vi, V> in terms of w, Q1, Q», H and H,. From the integrable condition of (1.5),

we have

(0 1 0 1 (0 0 00
UZ(O 0)+(O O)vl_vz (1 0)+(l O)UI_
Define ¢! 1 == (|91]* + @111 = g1}, €21 := ([y2* + |92|*) ] = $2¢5. Then

w=w|+ w), U1+V1*=wlz, U2+V2*=a)zz.

From (1.5), we get
. 0 1 0 1
e (53 )6 o
fz=i¢; <U§

sz = ”P; <U5k (
And

. _w 1 1 0 1 0 1 0
ny; =ie 2¢;‘<—§wz<0 _1>+V2*<0 _1)+<0 _1>U1>¢1.

Combining Proposition 1.2 with (1.10) and (1.11), we obtain

L (0 1 0 1\, _[(Qi+iQe 3 w,
V2 <o 0>+<o 0>U1_( 0 —(Ql—in)e—‘é’>’

1 w
(0 0y, (0 0y, _ [50n+itet 0
V2 + U]
1 0 1 0 1 @
0 _E(Hl —iH))e2

(=)

o O O
SO O =
+ o+
- o O O
SO O
N—— ——
= =
N——r’ N—

1

Let Uy = (uij), V2 = (vj). From (1.13), we know

1 . »
Uy = uig _E(Hl —iHp)e?
(Q1+iQye 7 w; — iy
V= V11 —(01+i0ye %
(Hy —iHy)e2 —ui ’
Since Uy = wy;I — V5 and V" = w11 — Uy, we have
_ 1 2 i Bl
U, = wy; — V1] i —5( 1 +iHy)e ’
(Q1—iQr)e 2 w2z +uny
w1z — U1] —(Q1—iQ2)e?
Vl = 1 . 2}
E(Hl +iHp)e> —woz + V11

From ¢y, = U1¢1 and ¢1; = Vi¢1, we find

1 . 0
Vi, =uny — E(Hl —iHy)e? gy,

_ 1 @ _ 7
Uiz = _E(Hl +iHy)e2 gy + (—wiz + vV,

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)
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and

g1z = (Q1 +iQ2)e” Y1 + (0: — D)1,
@1z = (w17 —u1)@1 + (Q1 —iQ2)e 2Y.

So
Ui = —wy; + v11. (1.16)

From (1.12) and Proposition 1.2, we get

1
_Ew2+ﬁll+ull =ic. (1.17)

(1.16) and (1.17) yield

_ I,
v = ElC + Zw1z + szz,

1 J 1 (1.18)
uil = ElC + Zwlz - Zw2z~
From (1.12), (1.14) and (1.15) we obtain the following two linear systems.
i 1 1 . ©
§c+z(w1 —w2); —§(H1 —iH)e?,
b1 = . . 3 1 1|9
(Q1+iQ2)e™ 2 101 + 7@~ 5lc
; 3 1 (1.19)
55 + PRt + 1% —(Q1—iQr)e 2
$iz=|" 0 11 1.
E(H] +iH)e? —§i5+ Z(wl — w2)z
Y Vo —s(Hy +iHed
—5sc— (w1 —w); —5(H +iH)e?,
¢, = 2 4 o 1 2 3 1 ¢2,
(Q1 —iQ2)e 2 —wiz + —wy + Sic
C 5 4 4 2 (1.20)
—si+ o+ oo —(Q1+i02)e 7,
¢z = 21 4 4w 1 1 ¢2.
E(Hl —iHy)e? EiE - Z(an — w2)z
Note that the equation §; = —5 always is solvable. Let # be a solution of this equation. By the gauge
transformations
~ _Lligpi— e'? 0
b1 = e (@172 ( 0 e‘ié) ?1,
(1.21)

- 1 e 0
— yi(w1—w2) _
¢ — ¢4 . (Z) s
2 ( 0 )"

we can obtain the following

Theorem 1.3. Under the isomorphism (1.1), the moving frame f,, f5, n1, na of the conformally immersed surface in
R* are

fo=i93 (8 (l))dn, f: =93 (? 8>¢1 (1.22)
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—i(040)
__o k(e 0
np =ie 2¢2 ( 0 _ei(9+e)> ¢la
i 1.23
o, [ie71OFD 0 (429
ny) =1te 2¢2 0 iei(9+§) ¢17
where ¢1, ¢ € H, satisfy
l (O3 0
0 —5(H — i Hy)e2 T1O+0)
¢IZ = © - — 1 _ 1 ¢11
(Q1+iQg)e 37/ Sw, — i, — sic
| | 2 2 (1.24)
—w: +i0; + i —(Q1 —iQa)e 2T OF0)
piz=|, 2 L é1,
5 (H1 +iHp)ea ™1 0+0) 0
1 w . 2}
0 — 3 (Hy + iHp)e S 10+
$2: = @ i0osd 1 o 2.
(01 —iQr)e 2T+ —w, +i6, + —ic
| | 2 2 (1.25)
J@z =6 —ic  —(Q1+1Qy)e I
¢22 = l w 0 ¢2'
5 (1 = i Hy)e2 T1O+0) 0
The compatible conditions are
1
Gauss equation @,z + §|H|2e‘” —2(10117 + 1029~ = 0. (1.26)
Ricci equation ¢z — ¢, = 2(0102 — 0102). (1.27)
Codazzi equation (1.28)
_ 1 ) 1
Q1z —¢cQr = Ee“’(le —cHy), 0y +cQ1 = Eew(H2z+CH1),
_ -1 . _ | _
Q1; —cQr = Eew(le — CHy), Q2. +c01 = Ee“’(szﬂLcH]).
And c, 0 satisfy
6 ! (1.29)
= ——C. .
< 2

Proof. S~trai~ghtforwardly check by substituting the gauge transformation (1.21) into (1.5), (1.19) and (1.20) and
rewrite ¢1, ¢z as ¢1, po. O

Also from the gauge transformation, we get

H H 71’(94’5) O
(Hy +iH)e 1. (1.30)

I o
fiz = 5eies 0sd
4 ) 2 0 —(Hl _ l-Hz)ez(9+9)
For convenience, sometimes we define & + 6 = u (a real function).
2. Weierstrass formulae

The generalized Weierstrass formulae of the surfaces in R3 with coordinates X!, X2, X3 are of following form
(e.g. Ref. [6])

X! 4ix? =i/ (@dz — §2dz), X' — ix? =i/ (W2dz — d3),
r r
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X3 = / (Y pdz + pyrdz),
r
where I is a contour in C, and ¢, i satisfy

¢z = py, Yz = —po.

The formulae define a conformal immersed surface in R3. Vice versa, every regular conformal immersed surface
in R? is locally defined by the above formulae [9].

The generalized Weierstrass formulae of the surfaces in R* with coordinates X! . X2 X3, X* were put forward for
the first time by Konopelchenko [8]. The formulae are of the following form.

X'+ix? = /F (—p1o2dz + Y1ynd?), X2 +iX* = /F (@192dz + @21 d3),
X' —ix? = /F 1ndz — §132d3), XD —iX* = /F (e29dz + V231 d3),
where

Y1z = pet, Yo, = peo,
¢1z = —pYu, @2z = —pyn.

and Yy, ¢y (@ = 1, 2), p are complex-valued functions of z, z, I" is a contour in C.

However B.G. Konopelchenko did not show whether a conformal surface immersed into R* is of this representation
locally.

Pedit and Pinkall study the conformal immersions of the surfaces into R? and R* using the quaternionic value
function theory in [1]. In the case of R*, they obtained the following coordinate-free version of the generalized
Weierstrass representation.

Theorem A (F. Pedit and U. Pinkall). Let f : M — H be a conformal immersion. Then there exist paired
holomorphic quaternionic line bundles L, L and nowhere vanishing sections ¥ € H(L), ¢ € HO(L) such that

df = . ).

L, L, ¥ and ¢ are uniquely determined by f up to isomorphism. And  and ¢ satisfy @+0Q)y =0, 0@+ Q)d) =0,
where Q, Q are Hopf fields.

The classical Weierstrass representation is given by the coordinates. We hope to get the coordinate version of
the generalized Weierstrass representation in the case of R*. Using the conclusions of Section 1, we can obtain the
following Weierstrass representation of the surfaces immersed conformally into R*. Comparing with Theorem A, our
conclusion is given in coordinate form.

Theorem 2.4. Assume that f : D € C — R* is a regular conformal immersion of surface M into R* with conformal
coordinates z. Let e®dzdz be the metric of M. Then f can be locally expressed by

Frift = /F (o1iadz + gapnds),  f2—if? = /F (—F172dz + G152d3),

2.1
fr+if = /F(fﬂlfpzdz — Y1Yndz), fr-ift=— /F(fﬂzlﬂldz + Y2¢1dz),
where Yy, 0o (o = 1, 2) satisfy
1 w 1 w_:
Yi: = —=(Hy —iHy)e2 gy, Yo, = —=(Hy +iHye> g,
2 2 2.2)

1 . L —iu 1 . Q iy
Y1z = E(Hl +iHy)ez "y, w2 = E(Hl —iHy)e2 .
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Proof. Let

_ (V1 —¢ _ (V2 -
d)l_(@l 1#1)’ ¢2_<¢2 1/f2)'
(1.24) and (1.25) show that (2.2) holds.
From (1.22), we have

df = f:dz + fzdz
_; < @1Y2dz + ¢2yY1dz - Yivadz — g162dz )
—@192dz + Y1Y2dz —@oidz — @192dz )
Combining with (1.4)
af = (d(f1 —ifH —d(f+ ifz))
d(fP —if?  di +irh )
we have (2.1). O

Two normal vectors n1 and n, satisfy

. _w e i 0
le 2¢;< 0 _eiu)d)l

ny =
_ et ( Yivne " — pigae™ —@rine —_1/71@?"”)
—Yigae " — g1y’ grgpe — Yriyne™
. —iu
— ety (e O
np te ¢2 < 0 ie”‘) ¢1

_e% ( Yivae " + o1gae™ —Gigne +_¢1¢2¢”‘>
—Y1g2e™ " +@1vne Qe 4 Yriynae

According to the (1.1), we can get the components of n1 and n5.
3. The surface with parallel mean curvature vector in R*

The surface with parallel mean curvature vector in R” has been classed by Yau [11] as follows.

Theorem B. Let M? be a surface with parallel mean curvature vector in a constant curved manifold N. Then either
M? is a minimal surface of umbilical hypersurface of N or M? lies in a three-dimensional umbilical submanifold of
N with constant mean curvature.

We shall study the surfaces with parallel mean curvature vector in R* by using the method of the integrable system.
Define ey = e~ 2 f, e = e 2 fy, e3 =n1, e4 = ny given as in Theorem 1.3. Then

1 » 1 o
f= 567(61 —1iez), fz= 567(61 +ie), 3.1
or
er=e (fot f),  er=ie i(fi— fo) (3.2)
des = ny,dz 4+ nizdz
= (—Hpdz —2Q e “d2) f; + (=2Q1e”“dz — H1dZ) fz + (cdz + cd2)es.
On the other hand,

des = wize; + wrzer + wazeq
. _@ . _@
= —(w31 +iwz)e” 2 f; — (w31 — iw3)e” 2 fz — w3seq.



J. Chen, W. Chen / Journal of Geometry and Physics 57 (2007) 367-378 375
These show that

Hydz +20,e7°d7 = (w31 + iwxp)e” 2,
201 “dz + HidZ = (w31 — iwz)e” 2, 3.3)
cdz +c¢dz = —w3g4.

Let w3 = Zh?jwj, w3y = Zhgjwj. From w| = e?dx, w, = e2dy and (3.3), we have
1 — 1 i
H = E(h?1 +h3,), Qe = Z(hil — h3y) + Ehﬂ. 3.4)
In the same way, we get
1 — 1 i
Hy = E(h‘fl + 3y, Qe @ = Z(héh — h3y) + Ehzfz’ 3-5)

where w4 = Zh‘l‘jwj, w4 = Zh‘z‘jwj.
We denote the mean curvature vector of the surface by H. Then H = 7 f,z = %H 1e3 + %H2e4. Define the
covariant differentiation of e3, e4 in the normal bundle of M 2 by

DLe3 = —w34ey, Dle4 = w34e€3.
‘We have
1
D H = 5 [([dH1 + Hawsa)es + (dHy — Hioea)]

Hence, H is parallel in the normal bundle of the surface in R*if and only if dH| + How34 = 0, dHy — Hiwzg = 0.
That is

{le —cHy = 0, {sz +cHi = 0, (3.6)
Hiz —cH; =0, Hyz; +cH; =0.
It is easy to establish |H| = const. on the surface.
In the following case, we assume |H| # 0.
Define
H; = |H|cos ¢, H> = [H|sing, H=H +iH, = |H|Y. (3.7)
We get
dH; = —|H| sin ¢dg, dH, = |H| cos ¢de. (3.8)
Together with dHy — Hyw3q4 = 0, dHy + Hiwzs = 0, this gives
w34 = —dg. (3.9
Furthermore
¥, = —c, @7 = —C. (3.10)
From (1.28)
(Q1+i02)z = —ie(Q1 +i02) = igz(Q1 +i02),
(Q1 —iQ2)z =ic(Q1 —iQ2) = —igz(Q1 — i Q2).
Hence
Q1 +iQy=6(@eY,  Q1—iQr=5E@e ", 3.11)

where &1 and & are holomorphic functions.



376 J. Chen, W. Chen / Journal of Geometry and Physics 57 (2007) 367-378

From (3.7) and (3.11), we get

. 1
014+iQr =&Y = m(hﬁ +iHy)E,

. i 1 :
Q1—iQr=ke '’ = m(Hl —iH)&.
Notice that 2(Q10; — Q10Q2) = ¢z —C; = ¢z; — ¢z = 0and | Q1 +i Q2> = |01 + 021> = |01 — i Q2.
We have |£1(z)| = |&2(2)]. Let £&2(2) = &1(2)e??, where t(z, Z) is a real function. And since &; and &, are analytic, we
know that r must be a constant function.
Define £(z) = & (z)e™ " = £1(z)e'!. We get from (3.12)

(3.12)

H +iH,
01 +iQy= TN mirg
H (3.13)
01—iQ) = Me”"g‘(z)
! H]| ‘

. . . . ~ 1
(Q1 +i02)dz% and (Q) — i Q2)dz? are invariant under the coordinate transformation dZ = #E 2dz. Hence we
choose coordinates z such that

{Ql +iQy = (Hy +iHye ™

' 3.14
Q1—iQr = (H| —iH)e'". (3.14)

Because 6 = %(p is the solution of equation 6, = —%c, we take 6 = %(p in (1.24) and (1.25). Then 6 + 60 = ¢,
0. = Y. = —5,0z = 19 = —5. And (1.24) and (1.25) become

0 —1|H|e%
12 = © 21 o1,
|Hle” 27" —w;
| 2 (3.15)
—w;3 —|H e~
¢12 = 1 2 w ¢1,
§|Ii|€7 0
1 0
0 ——|H|e?
2 = . 2 2,
|Hl|e 2! —w;
| 2 (3.16)
S0z —|H|e~ %71
¢z = | v $.
E|f]|€7 0

The integrable condition of the system is w,z+|H |2(%e“’ —2¢~?) = 0, which can be transformed into sinh—Laplace
equation u,; = —2|H|?sinhu by setting u = @ — In2. Given a solution w of the equation, we can obtain a surface
with parallel mean curvature vector in R* using the solutions of the system (3.15) and (3.16). Furthermore, if we
denote the solution of (3.15) by ¢, that is, take ¢, = ¢, then ¢ = ¢_;.

Now we can investigate the character of the surface using the former discussion.

Theorem 3.5. The surfaces with parallel mean curvature vector in R* form a family of surfaces M' (¢ € R). They can
be determined from the following systems

1
fl=ig, (8 0)4», f=igt, (? 8)@, (3.17)
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where ¢; satisfies

1 ©
0 ——|Hle2
bz = .2 ¢r,
|Hle 27" Pk
(3.18)
la)- —|H|e_%+”
5@z
¢z = 1 o ér.
—|Hl|e2 0
2

In detail, we have

1. MY (=M*") lies in R® with constant mean curvature and the immersion f can be expressed by

1 9
f=—<2¢‘1— t—nf) ,
|H| "3t =0

where n' = ie_%q’);" ((l) _01) @, is the normal vector of the surface in R3 and @, is the solution of the system (3.18).

2. M' (t # kn) lies in S3(r) with constant mean curvature and M can be expressed by

—it
IHISint(ft—fo)=eof¢f,< Q)%

e
0 ell‘
where r = m and ¢, is the solution of the (3.18). In particular, M?7 is a minimal surface in S%ﬁ).

Proof. For the surface with parallel mean curvature vector in R*, we consider (3.18).

1. When t = 2km, ¢p_; = ¢y = ¢. (3.18) turns out to be

1 »
0 ——|Hle2
¢Z = » 21 ¢7
|Hle™ 2 Sz
(3.19)
~w:  —|H|e™3
p:=|,2 ", ¢.
—|Hle? 0
2
And
. 0 1 . 00
Because of

3 [ o (10 B
L )

we know the surface lies in R®. And n = ie™ 3 ¢* (é f)]) ¢ is the normal vector of the surface in R>. It can be

expressed by a Sym-Bobenko type of representation formula of the surface in R? [3]. Taking the solutions ¢, of
(3.18), we get

7 1 2¢_1 0 ;

= — —¢; —n .
HI\™"" o —o

2. Lett # 2km. Note that from (3.18)

ad _o et 0 .
& (e 2¢:< 0 ei’> (]5;) = |H|sintf!,
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and

8% (e(quit (e;)” e(i)’> ¢>,> = |H|sinzf}.
Therefore

|H|sinz(f" — fo) = 67%¢i; (e;)” e?t) ér.

. . 1 .
This shows that M! lies in S° r),r= THTTsma]” fo is the center.

Next we determine the normal vector and mean curvature vector of surface M in S3(r).
Since f' — fp is a normal vector field of the surface, we know that

. o —e7 0
}’l[ =1e 2¢it ( O ei[) ¢t

is the normal vector field of the surface in S3(r).
From (1.30), we get

i 1 0
§z=§|H|€2¢*t<0 _1)¢z' (3.21)

The mean curvature H §3 - of the surface in $3(r) is

1
Hyoy = 2¢" 0", fiz) = |Hl cost.

This shows that M ? is a minimal surface in $3 (r)ift =2k + % a
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